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Abstract
The notion of the Ricci curvature is defined for sprays on a manifold.
With a volume form on a manifold, every spray can be deformed to a
projective spray. The Ricci curvature of a projective spray is called the
projective Ricci curvature. In this paper, we introduce the notion of
projectively Ricci-flat sprays. We establish a global rigidity result for
projectively Ricci-flat sprays with nonnegative Ricci curvature. Then we
study and characterize projectively Ricci-flat Randers metrics.
Keywords: spray, Finsler metric, Randers metric, projective Ricci
curvature.
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1 Introduction
In Finsler geometry, there are many important Riemannian quantities such as
the Riemann curvature and the Ricci curvature, etc. and non-Riemannian quan-
tities such as the Berwald curvature and the S-curvature, etc. The Ricci cur-
vature is defined as the trace of the Riemann curvature. Together with the
S-curvature, the Ricci curvature plays an important role in Finsler geometry.
The volume of geodesic balls can be controlled by the lower bounds of the Ricci
curvature and the S-curvature ([3][4]). The volume of geodesic balls can be also
controlled by a single bound of the N-Ricci curvature which is the combination
of the Ricci curvature and the S-curvature ([1]).
Let G be a spray on an n-dimensional manifold M . Given a volume form
dV on M , we can construct a new spray by
Gˆ := G+
2S
n+ 1
Y.
The spray Gˆ is called the projective spray of (G, dV ). The projective Ricci
curvature of (G, dV ) is defined as the Ricci curvature of Gˆ, namely,
PRic(G,dV ) := RicGˆ. (1 .1)
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By a simple computation, we have the following formula for the projective Ricci
curvature:
PRic(G,dV ) = Ric+ (n− 1)
{ S|0
n+ 1
+
[ S
n+ 1
]2}
. (1 .2)
where Ric = RicG is the Ricci curvature of the spray G, S = S(G,dV ) is the
S-curvature of (G, dV ) and S|0 is the covariant derivative of S along a geodesic
of G. It is known that Gˆ remains unchanged under a projective change of G
with dV fixed, thus PRic(G,dV ) = RicGˆ is a projective invariant of (G, dV )
([2]). We make the following
Definition 1.1 A spray G on an n-dimensional manifold M is said to be pro-
jectively Ricci-flat if there is a volume form dV on M such that
PRic(G,dV ) = 0.
A Finsler metric F on M is said to be projectively Ricci-flat if the induced spray
G =GF is projectively Ricci-flat.
It is easy to see that every projectively flat spray on Rn is projectively Ricci-
flat. For projectively equivalent sprays, if one of them is projectively Ricci-flat,
then so is the other.
We prove the following
Theorem 1.2 Let G be a spray on an n-dimensional manifold M . G is projec-
tively Ricci-flat if and only if there are a volume form dV and a scalar function
f on M such that
RicG = −(n− 1)
{
Ξ|0 + Ξ
2
}
, (1 .3)
where “|” is the horizontal covariant derivative with respect to G, f0 = fxmy
m,
Ξ := S
n+1 − f0 and S = S(G,dV ).
If the spray satisfies that S(G,dV ) = (n+ 1)φ0 for some scalar function φ on
M , then Ξ = 0 for f = φ. We obtain the following
Corollary 1.3 Let G be a spray on a manifold M . Suppose that RicG = 0
and S(G,dV ) = (n+1)φ0 for some volume form dV and scalar function φ on M ,
then G is projectively Ricci-flat.
The condition on the S-curvature, S(G,dV ) = (n+1)φ0 being an exact 1-form,
is actually a condition on the spray, independent of the choice of a particular
volume form dV . Sprays with this property have vanishing χ-curvature χ = 0
([5], Proposition 4.1). We have the following rigidity theorem:
Theorem 1.4 Let G be a complete spray on an n-manifold M . Suppose that G
is projectively Ricci-flat. If the Ricci curvature RicG ≥ 0, then for any volume
form dV on M , the S-curvature S = (n + 1)φ0 for some scalar function φ on
M . In this case, RicG = 0.
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To have a better understanding on projectively Ricci-flat Finsler metrics, we
consider a Randers metric F = α+ β on an n-dimensional manifold M , where
α =
√
aijyiyj is a Riemannian metric and β = biy
i is a 1-form with ‖β‖α < 1.
Put
sij :=
1
2
(bi;j − bj;i),
where “; ” denotes the covariant derivative with respect to Levi-Civita connec-
tion of α. Clearly, β is closed if and only if sij = 0. We prove the following
Theorem 1.5 Let F = α+ β be a Randers metric on an n-dimensional mani-
fold M . F is projectively Ricci-flat if and only if there is a scalar function h on
M such that
Ricα = 2s0ms
m
0 + α
2sijs
j
i − (n− 1)[h0;0 + (h0)
2]
sm0;m = (n− 1)hxms
m
0,
where Ricα denotes the Ricci curvature of α.
In general, projectively Ricci-flat Randers metrics are not Ricci-flat, and the
S-curvature is not almost isotropic.
In [7], Cheng-Shen-Ma study the projective Ricci curvature PRic. They
derive a formula for the projective Ricci curvature of a Randers metric with
respect to the Busemann-Hausdorff volume form dVBH . By this formula, they
characterize Randers metrics with RRic = 0 with respect to dVBH . We should
point out that the projective Ricci-flatness of Randers metrics defined in [7] is
slightly different from ours. Thus the statement of Theorem 1.1 in [7] is slightly
different from Theorem 1.5.
2 Preliminaries
LetM be an n-dimensional manifold and TM the corresponding tangent bundle.
We denote by TM0 = TM \ {0} the slit tangent bundle. Local coordinates on
the base manifoldM will be denoted by (xi), while the induced local coordinates
on TM or TM0 will be denoted by (x
i, yi). We call (xi, yi) the standard local
coordinate system in TM .
A spray G on M is a smooth vector field on TM0 expressed in a standard
local coordinate system (xi, yi) in TM as follows
G = yi
∂
∂xi
− 2Gi
∂
∂yi
, (2 .4)
where Gi = Gi(x, y) are the local functions on TM satisfying Gi(x, λy) =
λ2Gi(x, y) for ∀λ > 0. Put
N ij =
∂Gi
∂yj
.
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These are called the nonlinear connection coefficients of G. Set ωi = dxi and
ωn+i := dyi +N ijdx
j . The connection 1-forms of Berwald connection are given
by
ωij := Γ
i
jkdx
k,
where
Γijk =
∂N ij
∂yk
=
∂2Gi
∂yj∂yk
.
We have
dωi = ωj ∧ ωij .
The curvature 2-forms of the Berwald connection are defined by
Ωij = dω
i
j − ω
l
j ∧ ω
i
l . (2 .5)
Express
Ωij =
1
2
R ij klω
k ∧ ωl −B ij klω ∧ ω
n+l. (2 .6)
The two curvature tensors R ij kl and B
i
j kl are called Riemann curvature tensor
and Berwald curvature tensor, respectively.
The Riemann curvature Ry = R
i
kdx
k ⊗ ∂
∂xi
|x : TxM → TxM is a family of
linear maps on tangent spaces which is defined by
Rik = 2
∂Gi
∂xk
− yj
∂2Gi
∂xj∂yk
+ 2Gj
∂2Gi
∂yj∂yk
−
∂Gi
∂ys
∂Gs
∂yk
.
Without much difficulty, one can show that
R ij kl =
1
3
(Rik·l −R
i
l·k)·j (2 .7)
and
Rik = y
jR ij kly
l. (2 .8)
Here and hereafter, notation “ · ” denotes the vertical derivatives with respect
to y. For instance, f·k =
∂f
∂yk
, f·k·l =
∂2f
∂yk∂yl
, etc. By (2 .7) and (2 .8), we see
that the two curvature tensors Rik and R
i
j kl can represent each other. For this
reason, they are all called Riemann curvature tensor if there is no confusion.
The well-known Ricci curvature is defined by
Ric := Rmm = y
jR mj mly
l. (2 .9)
Every Finsler metric F on a manifold induces a spray GF = y
i ∂
∂xi
−
2Gi(x, y) ∂
∂yi
with the geodesic coefficients
Gi =
1
4
gil{[F 2]xkyly
k − [F 2]xl}, (2 .10)
where gij = (gij)
−1. Therefore, every Finsler space is a special spray space.
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Let G be a spray on an n-manifold M and dV = σdx1 · · · dxn a arbitrary
volume form. The S-curvature S = S(G,dV ) is defined by
S :=
∂Gm
∂ym
− ym
∂
∂xm
(lnσ). (2 .11)
Using the S-curvature S = S(G,dV ), one can modify the spray G to
Gˆ =G+
2S
n+ 1
Y,
where Y = yi ∂
∂yi
is the canonical vertical vector field. In local coordinates
Gˆi = Gi −
S
n+ 1
yi.
3 Projective Ricci curvature
Let G be a spray on an n-dimensional manifold M . Let dV and dV˜ be volume
forms with dV = e−(n+1)fdV˜ , where f = f(x) is a scalar function on M . The
S-curvatures S = S(G,dV ) and S˜ = S(G,dV˜ ) are related by
S = S˜+ (n+ 1)f0, (3 .12)
where f0 := fxm(x)y
m. By (3 .12), we see that S(G,dV ) = (n+ 1)φ0 if and only
if S(G,dV˜ ) = (n+ 1)φ˜0 with φ0 = φ˜0 + f0.
By (1 .2), we have
PRic(G,dV ) = RicG + (n− 1)
{[ S
n+ 1
]2
+
S|0
n+ 1
}
, (3 .13)
PRic(G,dV˜ ) = RicG + (n− 1)
{[ S˜
n+ 1
]2
+
S˜|0
n+ 1
}
, (3 .14)
where “|” is the horizontal covariant derivative with respect to G. It follows
from (3 .13) and (3 .14) that
PRic(G,dV˜ ) = PRic(G,dV ) − (n− 1)
{
f0|0 − f
2
0 +
2
n+ 1
f0S
}
, (3 .15)
Theorem 3.1 Let G be a spray on an n-dimensional manifold M . The follow-
ing are equivalent:
(a) G is projectively Ricci-flat,
(b) for any volume form dV on M there is a scalar function f on M such
that
PRic(G,dV ) = (n− 1)
{
f0|0 − f
2
0 +
2
n+ 1
f0S
}
, (3 .16)
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(c) for any volume form dV on M there is a scalar function f on M such
that
RicG = −(n− 1)
{
Ξ|0 + Ξ
2
}
, (3 .17)
where “|” is the horizontal covariant derivative with respect to G, f0 = fxmy
m,
Ξ := S
n+1 − f0 and S = S(G,dV ).
Proof: (a) ⇒ (b). Assume that for some volume form dV˜ ,
PRic(G,dV˜ ) = 0.
Then by (3 .15), for any volume form dV = e−(n+1)fdV˜ ,
PRic(G,dV ) = (n− 1)
{
f0|0 − f
2
0 +
2
n+ 1
f0S
}
, (3 .18)
(b) ⇒ (c). It follows from (3 .13) and (3 .18) that
RicG = (n− 1)
{
f0|0 − f
2
0 +
2
n+ 1
f0S
}
− (n− 1)
{[ S
n+ 1
]2
+
S|0
n+ 1
}
= −(n− 1)
{
Ξ|0 + Ξ
2
}
,
where Ξ = S
n+1 − f0.
(c) ⇒ (a). Let dV be an arbitrary volume form on M . There is a scalar
function f on M such that (3 .17) holds.
Ric = −(n− 1)
{
Ξ|0 + Ξ
2
}
,
where Ξ = S
n+1 − f0 and S = S(G,dV ). Let dV˜ = e
(n+1)fdV , we have
S˜ = S− (n+ 1)f0 = (n+ 1)Ξ.
By (3 .14), we get
PRic(G,dV˜ ) = RicG + (n− 1)
{
Ξ2 + Ξ|0
}
= 0.
Q.E.D.
As we have mentioned in the introduction, if a spray G on an n-dimensional
manifold M satisfies that RicG = 0 and S(G,dV ) = (n + 1)φ0 for some volume
form dV and scalar function φ onM , then (3 .17) holds. Thus G is projectively
Ricci-flat.
Proof of Theorem 1.4: Let dV be an arbitrary volume form on M . By Theorem
3.1, there is a scalar function f on M such that
RicG = −(n− 1)
{
Ξ|0 + Ξ
2
}
, (3 .19)
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where Ξ := S
n+1 − f0 and S = S(G,dV ). Assume that Ξ = Ξ(x, y) 6= 0 for
some non-zero y ∈ TxM . Let c(t) be the geodesic with c(0) = x and c
′(0) = y.
By assumption on the completeness, we may assume that c is defined on R =
(−∞,∞). Let Ξ(t) := Ξ(c(t), c′(t)). Then Ξ′(t) = Ξ|0(c(t), c
′(t)). It follows
from (3 .19) that
Ξ′(t) + Ξ(t)2 ≤ 0.
Case 1: Ξ(0) < 0. Let r := sup{b > 0 | Ξ(t) < 0, 0 ≤ t < b} ≤ +∞. Observe
that for 0 ≤ t < r, [ 1
Ξ(t)
]′
≥ 1.
1
Ξ(t)
−
1
Ξ(0)
≥ t.
0 >
1
Ξ(t)
≥
1 + Ξ(0)t
Ξ(0)
.
This implies that 1+Ξ(0)t > 0 for 0 ≤ t < r. Thus r ≤ −1/Ξ(0) is finite. Then
Ξ(r) = 0 by the definition of r. Observe that
Ξ(t) ≤
Ξ(0)
1 + Ξ(0)t
≤ Ξ(0) < 0, 0 ≤ t < r.
Thus Ξ(r) ≤ Ξ(0) < 0. This is impossible.
Case 2: Ξ(0) > 0. Let r = sup{b > 0 | Ξ(t) > 0, −b < t ≤ 0}. By a similar
argument for Ξ(t) on (−r, 0], we can show that this is impossible.
Therefore Ξ = 0. Then it follows from (3 .19) that RicG = 0. Q.E.D.
Below is a specific non-trivial example.
Example 3.2 Let α1 =
√
aijyiyj and α2 =
√
a¯ijyiyj be two Ricci-flat Rieman-
nian metrics on the manifolds M1 and M2, respectively. Consider the following
4-th root metric
F := 4
√
α41 + 2cα
2
1α
2
2 + α
4
2,
where 0 < c ≤ 1 is a constant. It is a Riemannian metric when c = 1. This
is a Ricci-flat (RicF = 0) and Berwald metric on M := M1 ×M2. Thus for
the Busemann-Hausdorff volume form dV = dVF , the S-curvature S(F,dV ) = 0.
Therefore F is projectively Ricci-flat.
4 Randers metrics
In this section, we will derive the equivalent conditions for a Randers metric
satisfying equation(3 .17).
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Let F = α+β be a Randers metric on an n-dimensional manifold M , where
α =
√
aij(x)yiyj and β = biy
i. Put
rij : =
1
2
(bi;j + bj;i), sij :=
1
2
(bi;j − bj;i),
tij : = sils
l
j , si := b
jsji, ti := b
jtji = sms
m
i ,
where “; ” denotes the covariant derivative with respect to Levi-Civita connec-
tion of α. Through out this paper, we will use “0” to denote the contraction
with yi. For example, sm0 = s
m
jy
j , t00 = tijy
iyj, r00 = rijy
iyj . The geodesic
coefficients of G =GF are given by
Gi = G˜i + Pyi, G˜i = G¯i + αsi0, (4 .20)
where G¯i denotes the spray coefficients of α and P = r00−2αs02F ([8]). Clearly,
G = yi ∂
∂xi
− 2Gi ∂
∂yi
and G˜ = yi ∂
∂xi
− 2G˜i ∂
∂yi
in (4 .20) are projectively equiva-
lent. Recall that the projective spray Gˆ = G+ 2S
n+1Y is projectively invariant for
a fixed volume form dV = σ(x)dx1 · · · dxn. Thus the projective Ricci curvature
of (G, dV ) is given by
PRic(G,dV ) = PRic(G˜,dV ) = RicG˜ + (n− 1)
{ S˜|0
n+ 1
+
[ S˜
n+ 1
]2}
, (4 .21)
where S˜ = S(G˜,dV ) is the S-curvature of (G˜, dV ) and “|” denotes horizontal
covariant derivative with respect to G˜.
Proof of Theorem 1.5: We shall calculate each term on the right side of (4 .21)
as follows. Firstly, we have known that
Ric
G˜
= Ricα + (2αs
m
0;m − 2t00 − α
2tmm), (4 .22)
where “; ” denotes the covariant derivative with respect to Levi-Civita connec-
tion of α and Ricα is the Ricci curvature of α. From G˜
i = G¯i + αsi0, it follows
that
S˜ =
∂G˜m
∂ym
− ym
∂
∂xm
(lnσ)
=
∂G¯m
∂ym
− ym
∂
∂xm
(lnσα) + y
m ∂
∂xm
(
ln
σα
σ
)
= ym
∂
∂xm
(
ln
σα
σ
)
. (4 .23)
Here we have used ∂G¯
m
∂ym
− ym ∂
∂xm
lnσα = 0 and
∂
∂ym
(αsm0) = 0, where σα =√
det(aij(x)). Denote by µ =
1
n+1 ln
σα
σ
and µ0 = µxmy
m = ∂µ
∂xm
ym. Then
(4 .23) can be rewritten by S˜ = (n+ 1)µ0. Thus we have
S˜|0 = S˜;0 − 2αs
m
0S˜·m
= (n+ 1)(µ0;0 − 2αs
m
0µxm). (4 .24)
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and
S˜2 = (n+ 1)2µ20. (4 .25)
Plugging (4 .22), (4 .24) and (4 .25) into (4 .21) yields
PRic(G,dV ) = Ricα + (2αs
m
0;m − 2t00 − α
2tmm)
+ (n− 1)(µ0;0 − 2αs
m
0µxm) + (n− 1)µ
2
0. (4 .26)
On the other hand, by (4 .20), the S-curvature of (F, dV ) is given by
S =
∂Gm
∂ym
− ym
∂
∂xm
(ln σ)
=
∂G¯m
∂ym
+ (n+ 1)P − ym
∂
∂xm
(lnσ)
= ym
∂
∂xm
(lnσα) + (n+ 1)P − y
m ∂
∂xm
(ln σ)
= (n+ 1)(µ0 + P ), (4 .27)
where P = r00−2αs02F . Hence by (4 .26) and (4 .27), equation (3 .16) is equivalent
to
Ricα + (2αs
m
0;m − 2t00 − α
2tmm)
+ (n− 1){µ0;0 − 2αs
m
0µxm}+ (n− 1)µ
2
0
= (n− 1){−f20 + f0;0 − 2Pf0 − 2αs
m
0fxm +
2
n+ 1
f0[(n+ 1)(µ0 + P )]}
= (n− 1){−f20 + f0;0 − 2αs
m
0fxm + 2f0µ0}.
The above equation is actually in the form of
A+ αB = 0,
where A and B are polynomial in y. We see that this equation is valid if and
only if A = B = 0. Then we obtain
Ricα = 2t00 + α
2tmm − (n− 1){µ0;0 − f0;0 + (µ0 − f0)
2},
sm0;m = (n− 1)s
m
0{µxm − fxm}.
Letting h := µ− f , we complete the proof of Theorem 1.5. Q.E.D.
5 The Riemannian case
Let F = α be a Riemann metric and dV = e−(n+1)fdVα be a volume form on
M . Then S(G,dV ) = (n+ 1)f;0. By (1 .2), we have
PRic(G,dV ) = Ricα + (n− 1)
{
f0;0 + f
2
;0
}
.
Then Theorem 1.5 reduces to the following
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Corollary 5.1 Let (M,α) be an n-dimensional Riemannian manifold and dV =
e−(n+1)fdVα a volume form on M . Then PRic(G,dV ) = 0 if and only if
Ricα = −(n− 1){f0;0 + f
2
;0},
This leads to a new notion of weighted Ricci curvatureRicfα on a Riemannian
n-manifold (M,α) with a scalar function f = f(x) on M :
Ricfα := Ricα + (n− 1){f0;0 + f
2
;0}. (5 .28)
This weighted Ricci curvature and its relationship with other geometric quan-
tities of (α, f) deserves further study.
Example 5.2 Let (S
n
, α) be a Riemannian n-sphere with constant sectional
curvature Kα = 1. Recall that in this case, there exists a scalar function φ on
M such that φ0;0 = −φα
2, where “; ” is covariant derivative with respect to the
Riemann metric α. Thus, the Ricci curvature Ricα of α satisfies
Ricα = (n− 1)α
2 = −(n− 1)
φ0;0
φ
. (5 .29)
Set f = ln |φ| which is only defined on {φ 6= 0}. Then (5 .29) can be rewritten
by
Ricα + (n− 1){f
2
0 + f0;0} = 0.
It is the case in Corollary 5.1.
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